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Background

@ Reliability importance measure is a powerful tool to identify
which components contribute the most to system (un)
performance, and suggests optimal modification for system
upgrade (design improvement, better maintenance,...)

@ Recently, a new importance measure, called Differential
Importance Measure (DIM), has been introduced for use in
risk-informed decision-making.
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Background

@ Reliability importance measure is a powerful tool to identify
which components contribute the most to system (un)
performance, and suggests optimal modification for system
upgrade (design improvement, better maintenance,...)

@ Recently, a new importance measure, called Differential
Importance Measure (DIM), has been introduced for use in
risk-informed decision-making.

Purposes:

Develop this importance measure in the context of dynamic
systems including inter-component, functional dependencies,
or more generally, systems described by Markov models.
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Main idea:

Consider a n-components dynamic system described by a Markov model
with:

@ transition rates matrix M,
@ vector of steady state probabilities 7,
@ system availability at the steady-state A = =f.
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Main idea:

Consider a n-components dynamic system described by a Markov model
with:

@ transition rates matrix M,
@ vector of steady state probabilities 7,
@ system availability at the steady-state A = =f.

Problems:

@ evaluate the total variation of the system availability due to the change
of N parameters of the system (e.g., failure and/or repair rates),

@ identify the relative contribution of one component or of a group of
components on this total variation
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Main concept:

@ The variation of the system availability provoked by the change,x; — x; + Ax;:

DA = Ax,g— + 5 (A% - 9 9 PA+ ...

2
)A+ |(AXI8i

x| 3
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Differential Importance Measure of Markovian Systems

Main concept:

@ The variation of the system availability provoked by the change,x; — X; + Ax;:
OA 1 0 7]
AAy, = AXj— Axi—)?A Axi—)3A
X |8 + 5 ( i 9% X; ) + 3|( |8 X; ) + -

@ The total variation due to the simultaneous changes of N parameters:

AA = ZAX, ZIZAX, _2A+ ZAX,—)sAJr

I
=A'A+ A”A+ AA 4+

AKA — LN Ay B _ N N . A . oka
where:A®A = 55 (301 A ax,) = ‘ Z 712i2:1 mzik:l AXj AXj, - AXj T, Py O
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Differential Importance Measure of Markovian Systems

Main concept:

@ The variation of the system availability provoked by the change,x; — X; + Ax;:
OA 1 0 7]
AAy, = AXj— Axi—)?A Axi—)3A
X |8 + 5 ( i 9% X; ) + 3|( |8 X; ) + -

@ The total variation due to the simultaneous changes of N parameters:

N N
AA=D Ax-%Jri(E Ax 2 2A+ § Ax—)3A+
N "ox; | 2! 'ax- '
i=1 Ci=1

1
—AA+A"AFAMA 4

Aka _ 15N 8 \ka _ 1 N N N - ) aKa
where:A®A = 5 (301, Axla—xi) A= Zilzlzizzl mzik:l AXj AXj, - AXj W

Differential Importance Measure (DIM) of:

AA
@ one parameter (x): DIM(x;) = AAXI
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@ If the changes of parameters are small enough:
0A om

o A ~ A = 6Xia_xi - 6xiaf

o JAxFA= Zaxja Z(SAXI.
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@ If the changes of parameters are small enough:

oA )
o A ~ A = 6Xia_xi - 6xi6_)7:f

o JAxFA= ZaxJ8 ZaAX,

@ In the framework of the steady-state markov models, M = 0, therefore:

om oM om
M4 — =0= — = —7wQM’
X i % Q
(where: Qx, = d_x andM? = (M +en)~! —em, e =(1,1,...,1)7, is the groupe inverse of M)
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@ If the changes of parameters are small enough:
0A om

o A ~ A = 6X‘a_i - 6xiaf

o JAxFA= ZaxJ8 ZaAX,

@ In the framework of the steady-state markov models, M = 0, therefore:
om oM om

—M =0= — = —7QuM*
ax o T
(where: Qx, = d_x andM? = (M +en)~! —em, e =(1,1,...,1)7, is the groupe inverse of M)
Consequently:
§'A, = 0xi g—f = — 7% QuM* = —mQax M*f, with Qs = 6% Qx
|

N N
A=Y 0Aq=-m) QM = —mQ;M*f, with Qs = SN, Qs
_ i
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@ First-order differential importance measure:

DIMI(X-) _ (SlAXi _ M
' S'A Qs MEf

@ DIM' of a group of parameters (components):

WQéxi 18X 5+, 6Xs MEf

DIM(Xi, X}, ..., Xs) = 7Q,Mf

= DIM'(x;) + DIM'(x;) + ... + DIM'(xs)
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@ First-order differential importance measure:

DIMI(X-) _ (SlAXi _ M
' S'A Qs MEf

@ DIM' of a group of parameters (components):

WQéxi 18X 5+, 6Xs MEf
wQsMEf

Generalized DIM':

@ In the framework of markov model:

DIM' (Xi, Xj, ..., Xs) = = DIM'(x;) + DIM'(x;) + ... + DIM'(xs)

Mg, =M+ §Q;, variation on a specific direction
Mg =M+ Zi’\‘zl 6iQi, simulneous variations of N different directions

@ The generalized differential importance measure:

3'Ag, _ QM
SA  wyN sQmEf]

DIM'(Q)) =
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Remarks:

Advantages:

@ simple, easy to evaluate,
@ DIM' is additive.

o
disadvantages:

@ DIM' does not account for the effects of simultaneous changes of
several parameters

@ DIM!' is only applicable when the changes of parameters verify the
small enough conditions.
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Remarks:

Advantages:

@ simple, easy to evaluate,
@ DIM' is additive.

o
disadvantages:

@ DIM' does not account for the effects of simultaneous changes of
several parameters

@ DIM!' is only applicable when the changes of parameters verify the
small enough conditions.

It is interesting to take into account the higher-order effects.
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By taking the second-order derivative, we obtain:
@ A"A = 7(QaM*)?f
@ A'"A, = 7(Qax M)

Similarly, by taking the higher-order derivatives:
@ A"A = (—1)"m(QaM*)"f, withh = 3,4, ...
0 A"A, = (—1)"7(Qax,M*)"f

Consequently:

AA=AA+A"A+ . +AA+ . =Y AA= Y= 7[(—1)QaMH]'f

AA = A'Ag + A"Ag + . + AMA 4 = 3% 7[(—1) Qax MF]'f
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@ DIM:
” > 7 [(—1)'QaxM¥]'f
DIM(x) = BAy X5 )_QA' ]
AA X w[(-1)QaMe'f
@ High-order differential importance measure:
Sy 7 [(—1) Qax M f
YLy (1) QaMe]'f

DIM"(x;) =
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@ DIM:

DIM(x) = 2% _ Zisw[(-1)Qax Mt

AA S (-1 QaM 't
@ High-order differential importance measure:
iy [(—1)'Qax M f
YLy (1) QaMe]'f

Generalized DIM

N AAg Ziojiﬂ'[(*l)iAiQiMu]if
DlM(Q|)* AA io:olﬂ.[(_l)i(ziNzlAiQi)Mﬁ]if
ho o BAg S m[(—1) AQME'T
DIMY(Q) = =z = Y A[(-1)(2N, AQ)Me]'f

DIM"(x;) =
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Differential Importance Measure of Markovian Systems

Consider a dynamic system with 4 dependent components (cold
spare[C3,C4] & shared load[C4,group(Cz, Cs, C4)])

A3 M3

Unit Aj L Xi A
C, 2e-3 le-3 2.5e-3
C, le-3 9e-3 -
Cs 2e-4 2.9e-3 -
Cy 3e-4 6e-3 -

Assumption:

Assume that all components’ failure rates are changed simultaneously
(for example, all of the component in an aircraft would presumably be subjected to many of the same stresses
vibration from the engines, shock of landing, irregularities in the power supplied, etc.)
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Consider a dynamic system with 4 dependent components (cold
spare[C3,C4] & shared load[C4,group(Cz, Cs, C4)])

A3 M3

Unit Aj L Xi A
C, 2e-3 le-3 2.5e-3
C, le-3 9e-3 -
Cs 2e-4 2.9e-3 -
Cy 3e-4 6e-3 -

L= 1

Assume that all components’ failure rates are changed simultaneously
(for example, all of the component in an aircraft would presumably be subjected to many of the same stresses
vibration from the engines, shock of landing, irregularities in the power supplied, etc.)

Objective:

Identify the important component according to its relative contribution on the
total variation of the system availability at the steady-state (using the Dim).
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Scenarios of changes

To illustrate the application of DIMs, three scenarios of changes (uniform
percentage changes % = % = w,withi,j = 1, .., 4) are proposed: w = 1,7,10%
i i
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Scenarios of changes

To illustrate the application of DIMs, three scenarios of changes (uniform
percentage changes % = % = w,withi,j = 1, .., 4) are proposed: w = 1,7,10%
i i

@ Casew = 1%:

C, C, C3 Cy Order
DIM'  0.222047 0.209410 0.210678 0.357866 C4 > Cy > Cz > Cy
DIM"  0.220546 0.209234 0.209637 0.357326 C, >C; >C3>C,
DIM"  0.220560 0.209238 0.209645 0.357333 C, >C; >C3>C,
DIMV'  0.220560 0.209238 0.209645 0.357333 C,>C; >C3>C,

-DIM', DIM" DIM™ and DIMY' can provide the same ranking.
- The most important component is C4 and C; is the less important one.
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@ Casew = 7%:

C, C, Cs Cy Order
DIM'  0.222047 0.209410 0.210678 0.357866 C4 >C; >C3>C,
DIM"  0.211533 0.208183 0.203384 0.354088 C, >C; > C, > C3
DIM"  0.212220 0.208364 0.203818 0.354426 C4 >C; >C, > Cj
DIMY'  0.212189 0.208356 0.203801 0.354412 C4>C; >C, >C3

@ Case w = 10%

C1 C2 C3 C4 Order
DIM'  0.222047 0.209410 0.210678 0.357866 C4 > Cy > Cz > Cy
DIM"  0.207021 0.207656 0.200254 0.352466 C4 > C, > Cy > C3
DIM'"  0.208418 0.208025 0.201136 0.353156 C,4 > C; > C, > C3
DIMY'  0.208329 0.208003 0.201088 0.353116 C, >C; >Cj, > Cs

- DIM' of all components’ failure rates remains unchange.
- DIM", DIM" and DIMY"’s values change leading to different rankings.
- DIM" and DIMY' can provide a more precise importance ranking.
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@ DIM can be used to identify the importance of one component (or a
group of components),

@ Generalized DIM can be used to identify the importance of a direction
of interest,

@ DIM' is only applicable when the changes of parameters verify the
small enough conditions,

@ DIM" would provide better results than those obtained from the DIM'
and DIM", it can be used even the changes of parameters are not small
enough,

@ The need to resort to information on the high-order effects depends on
the magnitude of the change of parameters’ values.

University of technology of Troyes, France



Definition
First-order approach
Differential Importance Measure of Markovian Systems High-order approach

Numerical example
Conclusions/future works

@ DIM can be used to identify the importance of one component (or a
group of components),

@ Generalized DIM can be used to identify the importance of a direction
of interest,

@ DIM' is only applicable when the changes of parameters verify the
small enough conditions,

@ DIM" would provide better results than those obtained from the DIM'
and DIM", it can be used even the changes of parameters are not small
enough,

@ The need to resort to information on the high-order effects depends on
the magnitude of the change of parameters’ values.

@ Develop methods to find the minimal h for which we can provide the
true importance ranking,

@ Use the Perturbation Analysis to estimate the DIMs from the operating
feedback data.
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